In this paper we study the normal bases for Galois ring extension R/Z p r where R = 1 GR(p r , n). We present a criterion on normal basis for R/Z p r and reduce this problem to one of finite 2 field extension R/Z p r = F q /F p (q = p n ) by Theorem 1. We determine all optimal normal bases for 3 Galois ring extension. 
= {c 0 + c 1 γ + · · · + c n−1 γ n−1 : c i ∈ Z p r },
where γ is a root of f (x) in R with order p n − 1, R is called a Galois ring. And we note that γ is a primitive element of the finite field F q where q = p n . From now on, we take f (x) to be a basic primitive polynomial. The modulo p reduction can be naturally extended to the following homomorphism of rings:
Some basic facts on Galois ring R = GR(p r , n) are given as follows.
35
(Fact 1) Let T * = γ be the cyclic multiplicative group of order q − 1 generated by γ, and T = T * ∪ {0}. Then T = F q and R = {x 0 + px 1 + p 2 x 2 + · · · + p r−1 x r−1 : x i ∈ T}, |R| = |T| r = q r = p nr .
(Fact 2) R is a local commutative ring with the unique maximal ideal M = pR, |M| = q r−1 and 36 the group of units is R * = R\M = T * × (1 + M), |R * | = q r − q r−1 .
37
(Fact 3) R/Z p r is a Galois extension of rings with Galois group Gal(R/Z p r ) = σ p , where σ p is the automorphism of order n defined by 
More generally, for each positive integer l, R = GR(p r , n) is a subring of R (l) = GR(p r , nl) and R (l) /R is a Galois extension of rings with Galois group Gal(R (l) /R) = σ q , where σ q is the automorphism of R (l) defined by
and R (l) = Z p r [γ (l) where tr nl n and tr n 1 are the trace mappings for finite field extensions.
39
On the other hand, for r ≥ 2, the modulo p r−1 reduction gives the homomorphism of rings GR(p r , n) −→ GR(p r−1 , n) and we get the following commutative diagram:
GR(p r , n) σ (r) mod p r−1 / / GR(p r−1 , n)
where σ (λ) is the automorphism of GR(p λ , n) defined by
Next we need some basic properties on the polynomial ring R[x]. One of the most important 
Criteria on Normal bases for Galois Ring Extensions

55
From (1) we know that R = GR(p r , n) is a free Z p r -module of rank n and {1, γ, · · · , γ n−1 } is a 56 basis for R/Z p r , where γ is an element of order q − 1 (q = p n ) in R. Definition 1. An element α ∈ R is called a normal basis generator (NBG) for extension R/Z p r if B = 58 {σ 0 (α) = α, σ(α), · · · , σ n−1 (α)} is a basis for R/Z p r , where σ is the automorphism σ p of R defined by (3).
59
Such basis B is called a normal basis for R/Z p r .
60
In this section we present several criteria on normal bases for Galois ring extension R/Z p r , these 61 criteria can be reduced to the ones of finite field extensions R/Z p r = F q /F p according to the following 
and a j = 0 for some j.
that A j ∈ R * and p r−1 A j = 0. Therefore α is not a NBG for R/Z p r .
70
On the other hand, suppose that α is not a NBG for R/Z p r . Then there exist
and 
81
From the diagram (5) we know that for α ∈ R, tr n l (ᾱ) = Tr n l (α).
82
Corollary 1. Let n = p t l, (l, p) = 1. Let R = GR(p r , n), R = GR(p r , l), and Tr : R → R be the trace 83 mapping from R to R . Then for α ∈ R, α is a NBG for R/Z p r if and only if Tr(α) is a NBG for R /Z p r .
84
By Corollary 1, we assume (n, p) = 1 without loss of generality. In this case, x n − 1 has the following decomposition in the polynomial ring F p [x] :
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is a ring with respect to the ordinary addition and the following multiplication defined by composition ⊗ :
and the mapping
is an isomorphism of rings. Corresponding to the decomposition (9) in F p [x], we have the following decomposition of
where
and
89
As a direct consequence of Theorem 1 and Lemma 4. We have the following criterion.
90
Corollary 2. Let R = GR(p r , n), where (n, p) = 1. Then for α ∈ R, α is a NBG for R/Z p r if and only if
92
By the decomposition (9) we have
where δ ij is the Kronecker symbol. These idempotents e i (x) (1 ≤ i ≤ r) can be computed by using 93 σ p -class of the roots of x n − 1 (see [20] ).
94
In [20] , we present a new criterion of NBG for F q /F p (q = p n , (n, p) = 1) by using idempotents 95 in the ring
.
96
Lemma 5.
98
Corollary 3. Let R = GR(p r , n), where (n, p) = 1. Then for α ∈ R, α is a NBG for R/Z p r if and only if
In [20] we present more explicit criteria on normal bases for F q /F p for several specific cases where the decomposition (9) has a simpler form. By Corollary 3 we can give more explicit criteria on normal bases of Galois ring extension for such cases. For example, let p and n be prime numbers and (Z/nZ) * = p . Then for a ∈ F q (q = p n ), a is a NBG for F q /F p if and only if a / ∈ F p and tr(a) = 0, where tr : F q → F p is the trace mapping. Let Tr : R = GR(p r , n) → Z p r be the trace mapping. For
Corollary 4. Let R = GR(p r , n), where p and n are distinct prime numbers and (Z/nZ) * = p . Then for 101 α ∈ R, α is a NBG for R/Z p r if and only if both of Tr(α) and Tr(α) p − Tr(α) belong to R * .
102
We end this section by counting the number of NBG for R/Z p r where R = GR(p r , n). It is well known ([19] , Corollary 8.25) that the number of NBG's for F q /F p (q = p n ) is (let n = p e m and (m, p) = 1)
is surjective and F p -linear, we get that |Ker ϕ| = |R|/|R| = p rn−n . As a 104 direct consequence of Theorem 1, we can count the number of NBG's for R/Z p r .
105
Corollary 5. Let p be a prime number and n = p e m be a positive integer with (m, p) = 1. For R = GR(p r , n), the number of NBG's for R/Z p r is
and the number of normal bases for R = GR(p r , n) is ψ/n. this section we discuss the complexity of normal bases for extension R/Z p r , where R = GR(p r , n).
112
Definition 2. Let α be a NBG for R/Z p r , so that B = {α, σ(α), · · · , σ n−1 (α)} is a normal basis for R/Z p r , where σ is the automorphism of R defined by (3). Then
The multiplicative complexity M(B(α)) of the normal basis B is defined by the number of nonzero c ij . Namely,
For each λ (1 ≤ λ ≤ r), α ∈ R, let α (λ) denote the modulo p λ reduction of α. The mapping
is a homomorphism of rings and
For α ∈ R(= R (r) ), α is a NBG for R/Z p r if and only ifᾱ is a NBG for F q /F p by Theorem 1, then this is also equivalent to that α (λ) is a NBG for R (λ) /Z p r for any λ ≥ 1. Moreover, by the diagram (6) we get that for any λ, the equality (10) implies that
ij ∈ Z p µ for all µ ≥ λ. Therefore we get the following simple and basic 114 result.
115
Theorem 2. Let R = GR(p r , n) and α be a NBG for R/Z p r . Then for each 1
where B (1) is the normal basis B = {ᾱ
116
It is well known that for any normal basis B for finite field extension F q n /F q , M(B)
Therefore M(B (λ) ) = 2n − 1. Namely, B (λ) is an optimal normal basis for R (λ) /Z p r for all 1 ≤ λ ≤ r.
117
Particularly, B (1) = B is an optimal normal basis for the finite field extension
119
Definition 3. Two elements α, β ∈ R * = GR(p r , n) * equivalent to each other if α = εβ for some ε ∈ Z * p r ,
120
and denoted by α ∼ β.
121
If α is a NBG for R/Z p r and α ∼ β, β = εα for some ε ∈ Z * p r . It is easy to see that β is also a NBG for R/Z p r . Moreover, let
Then σ λ (β) = εσ λ (α) and Type (I): n + 1 and p are distinct prime numbers, Z * n+1 = p , and B is equivalent to the following (optimal) normal bases for F p n /F p ,
where ξ is an (n+1)-th primitive root of 1 in the algebraic closure of F p so that F p (ξ) = F p n .
Type (II): p = 2 and 2n + 1 is a prime number, Z * 2n+1 = −1, 2 , and B is equivalent to the following (optimal) normal bases for F 2 n /F 2
where ξ is a (2n + 1)-th root of 1 in the algebraic closure of F 2 , F 2 (ξ + ξ −1 ) = F 2 n .
130
Abrahamsson [1] presented the following optimal normal bases for Galois ring extension as a 131 generalization of Type (I) optimal normal bases for finite field extension.
132
Lemma 7. ([1]) Let p and n + 1 be distinct prime numbers such that Z * n+1 = p . Let ζ be an (n + 1)-th root of 1 in R = GR(p r , n). Then
is an optimal normal basis for R/Z p r .
133
In this section we determine all optimal normal bases for Galois ring extensions. If α ∈ R * and 134 B(α) is an optimal normal bases for R/Z p r (R = GR(p r , n)), then B(ᾱ) is an optimal normal basis for
135
F q /F p (q = p n ), and then B(ᾱ) is an optimal normal basis for Type (I) or Type (II) by Lemma 6. Now
136
we consider these two cases separably.
137
Theorem 3. Suppose that n + 1 and p be distinct primes and Z * n+1 = p , R = GR(p r , n), n ≥ 2. Then any 138 optimal normal basis for R/Z p r is equivalent to one given by Lemma 6.
139
Proof. For r = 1, R/Z p r = F q /F p is the finite field extension case. For r = 2, we assume that B(α) = {σ λ (α) : 0 ≤ λ ≤ n − 1} is an optimal normal basis for R/Z p 2 , R = GR(p 2 , n). Thenᾱ = ξ where ξ is an (n + 1)-th primitive root of 1 in F q (q = p n ). Let ζ be an (n + 1)-th primitive root of 1 in R such thatζ = ξ. Then ζ ∈ T * by (n + 1)|(q − 1), where T * is the cyclic multiplicative group of R, see Fact 3 in Section II, and
and for 0 ≤ λ ≤ n − 1, λ = n 2 (we can assume that n + 1 is an odd prime number, so that n is even), 
where we consider i ∈ Z n+1 for c i and assume c 0 = 0, so Equation (13) becomes to
where 
which implies that M λ = 1 for all 0 ≤ λ ≤ n − 1, λ = n 2 , which means that b λl = 0 for all 0 ≤ λ, l ≤ n − 1, λ = n 2 and p l ≡ p λ + 1(mod n + 1). Let s ≡ p λ , t ≡ p l (mod n + 1). From (14), one gets B(α) is an optimal normal basis for GR(p 2 , n)/Z p 2 if and only if when 1 ≤ t ≤ n, 1 ≤ s ≤ n − 1 and t ≡ 1 + s(mod n + 1) , we have
Particularly, for s = 1 we get
If p = 2, then c t/2 = 0 ∈ F 2 for all 1 ≤ t ≤ n, t = 2. By assumption Z * n+1 = 2 , this means that c j = 0 145 for all 2 ≤ j ≤ n so that α = ζ + pc 1 ζ = (1 + pc 1 )ζ by (11) and the basis B(α) is equivalent to one
146
given by Lemma 6.
147
Now we assume that p ≥ 3. For any fixed s, 1 ≤ s ≤ n − 1, by (15), we get
we get c n = c −1 = A 2n and
Therefore (n + 1)A = 0 and A = 0 ∈ F p , since (p, n + 1) = 1. Then we have c n = 0 and c −s + c −s −1 = 0 for 2 ≤ s ≤ n − 1. Taking t = s in (15) and remark c 0 = 0, we get c s−1
and α = (1 + pc 1 )ζ. Therefore B(α) is equivalent to one given by Lemma 6. If 3 ≤ p | n, from (16) we 152 have A = 0. In this case we fix t (2 ≤ t ≤ n − 1) and the condition (15) implies that
Consider the fraction linear transformation
By (17) we get
Thus α = (1 + pc 1 )ζ ∼ ζ. This completes the proof of Theorem 3 for r = 2.
154
Now we assume that r ≥ 3 and this theorem is true for r − 1. Let α ∈ R = GR(p r , n) and {σ λ (α) : 0 ≤ λ ≤ n − 1} is an optimal normal basis for R/Z p r . By assumption we have, up to equivalence,
Then the same argument for r = 2 can be shifted to get c i = 0 for all 2 ≤ i ≤ n. Therefore α =
155
(1 3 by using the mathematical induction.
159
Theorem 4. Assume that 2n + 1 is an odd prime number and Z * 2n+1 = −1, 2 . Let R = GR(2 r , n) (r, n ≥ 2).
160
Then
161
(1) If n ≥ 3, there is no optimal normal basis for R/Z 2 r .
162
(2) If n = 2 and α ∈ R = GR(2 r , 2), B (λ) = {α, σ(α)} is an optimal normal basis for R/Z 2 r if and 163 only if α is equivalent to ζ + ζ −1 + 2b(ζ 2 + ζ −2 ) where ζ is a 5-th primitive root of 1 in GR(2 r , 4) so that 164 ζ + ζ −1 ∈ R and b is the unique element in Z 2 r−1 satisfying 1 − b + 4b 2 = 0.
165
Proof.
(1) First we consider r = 2. Suppose that α ∈ R = GR(4, n) and B (λ) = {σ λ (α) : 0 ≤ λ ≤ n − 1} is an optimal normal basis for R/Z 4 . Then B (λ) = {ᾱ 2 λ : 0 ≤ λ ≤ n − 1} is an optimal normal basis for F 2 n /F 2 . By Lemma 6,ᾱ is equivalent to ξ + ξ −1 where ξ is a (2n + 1)-th primitive root of 1 in F q 2 . Let ζ be the (2n + 1)-th primitive root of 1 in GR(4, n) such thatζ = ξ. Then ζ + ζ −1 ∈ R and, up to equivalence
where l i is an integer determined by 0 ≤ l i ≤ n − 1 and 2 l i ≡ 2i or − 2i(mod 2n + 1) so that l i = 1.
169
From M 0 = 1 we get c i = 1 ∈ Z 2 for all i, 2 ≤ i ≤ n. By (18) we have
where λ is determined by 2 λ ≡ ±3(mod 2n + 1) and 0 ≤ λ ≤ n − 1. If n ≥ 3, then λ = 0, 1. Therefore
So we proved that there is no optimal normal basis in the case n ≥ 3.
173
(2) Let α ∈ R = GR(2 r , 2) (r ≥ 2) and B (λ) = {α, σ(α)} is an optimal normal basis for R/Z p r . By Lemma 6, we get
where ζ is a 5-th primitive root of 1 in GR(2 r , 4), so that ζ + ζ −1 ∈ R and c 1 , c 2 ∈ Z 2 r−1 . Since 1 + 2c 1 is invertible in Z 2 r , we can assume, up to equivalence, 
177
Let Z (2) be the ring of 2-adic integers. Consider f (x) = 1 − x + 4x 2 ∈ Z (2) [x] , f (x) = −1 + 8x.
178
We have v 2 ( f (1)) = v 2 (4) = 2 and v 2 ( f (1)) = v 2 (7) = 0 where v 2 is the 2-adic exponential valuation.
179
From Hensel's Lemma and v 2 ( f (1)) > 2v 2 ( f (1)) we know that there exists unique b ∈ Z 2 r−1 such 180 that 1 − b + 4b 2 = 0 for any r ≥ 2. This completes the proof of Theorem 4.
181
Putting Theorem 3 together with Theorem 4, we can derive the following results.
182
Theorem 5. Let R = GR(p r , n), r, n ≥ 2. Then
183
(1) There exists optimal normal basis B(α) = {σ λ (α) : 0 ≤ λ ≤ n − 1} for R/Z p r if and only if (A) n + 1 184 and p are distinct prime numbers and Z * n+1 = p or; (B) p = n = 2.
185
(2) For case (A), B(α) is an optimal normal basis for R/Z p r if and only if α is equivalent to an (n + 1)-th 186 primitive root ζ of 1. Namely, α = aζ (a ∈ Z * p r ).
187
(3) For case (B), B(α) is an optimal normal basis for GR(2 r , 2)/Z 2 r if and only if α is equivalent to ζ + ζ −1 + 188 2b(ζ 2 + ζ −2 ) where ζ is a 5-th primitive root of 1 in GR(2 r , 4) so that ζ + ζ −1 , ζ 2 + ζ −2 ∈ GR(2 r , 2) and 189 b ∈ Z 2 r−1 is the unique element satisfying 1 − b + 4b 2 = 0. 
